SURFACES EXPANDING BY THE INVERSE GAUSS 
CURVATURE FLOW 



OLIVER C. SCHNURER 



Abstract. We show that strictly convex surfaces expanding by the inverse 
Gaufi curvature flow converge to infinity in finite time. After appropriate 
rescaUng, they converge to spheres. We describe the algorithm to find our 
main test function. 
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1. Introduction 

We consider a family of closed strictly convex surfaces Mt in M.^ that expand by 
the inverse Gaufi curvature flow 

(1.1) ^X=l.. 
^ ^ dt K 

This is a parabolic flow equation. We obtain a solution on a maximal time interval 
[0, r), < T < oo. For ^[T, the surfaces converge to infinity. After appropriate 
rescaling, they converge to a round sphere. We say that the surfaces Mt converge 
to "round spheres at infinity". The key step in the proof, Theorem 3.1, is to show 
that 

(1.2) inax ' 
is non-increasing in time. 



Date: December 2004, revised February 2006. 

2000 Mathematics Subject Classification. Primary 53C44, 65K05; Secondary 35B40. 
The author is a member of SFB 647/B3 "Raum — Zeit - Materie". 



2 



OLIVER C. SCHNURER 



1 


(Ai - X2Y 




Ai A2 




(Ai - A2)' 




(Ai + A2)AiA2 




(Ai - A,)2 




(Ai + A2)AiA2 




(Ai + A2)''(Ai-A2)2 




(A? + A^) (A^ + AiAa + A^) X\\l 



Table 1. Monotone quantities 



Here, we used standard notation as explained in Section 2. 
Our main theorem is 

Theorem 1.1. For any smooth closed strictly convex surface M m R^, there exists 
a smooth family of surfaces Mt, t G [0, T), solving (1.1) with Mq = M. For t] T, 
the surfaces Mt converge to infinity. The rescaled surfaces Mt ■ {T — t) converge 
smoothly to the unit sphere S^. 

We will also consider other normal velocities for which similar results hold. 
Therefore, wc have to find quantities like (1.2) that are monotone during the flow 
and vanish precisely for spheres. In general, this is a complicated issue. In order 
to find these test quantities, we used an algorithm that checks, based on random- 
ized tests, whether possible candidates fulfill certain inequalities. These inequalities 
guarantee especially that we can apply the maximum principle to prove monoto- 
nicity. We used that algorithm only to propose useful quantities. The presented 
proof does not depend on it. So far, all candidates proposed by the corresponding 
program turned out to be appropriate for proving convergence to round spheres at 
infinity. In Table 1, we have collected some normal velocities F (I''* column) and 
quantities w (2"*^ column) such that maxMt w is non-increasing in time for surfaces 
expanding with normal velocity F 



It is common to use positive functions F for contracting surfaces. Thus the negative 
sign corresponds to the fact that these surfaces expand. In each case, we obtain 
convergence to round spheres at infinity for smooth closed strictly convex initial 
surfaces Mq. 

There are many papers concerning convex hypersurfaces contracting to "round 
points", i. e. the surfaces converge to a point, and, after appropriate rescaling, to a 
sphere, especially for normal velocities homogeneous of degree one in the principal 
curvatures, see e.g. [14] for motion by mean curvature. For normal velocities of 
higher homogeneity, strictly convex hypersurfaces converge to a point [28] and to 
a round point, if they are appropriately pinched initially, e. g. [2] and [24] for sur- 
faces. Convex surfaces contracting with normal velocities homogeneous of degree 
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larger than one in the principal curvatures converge to round points without initial 
pinching assumption, see [5] for the Gaui3 curvature flow and [21] for other flow 
equations and strictly convex surfaces. 

Expanding flows of homogeneity minus one, i.e. flows of the form = —Fu 
with F positive homogeneous of degree minus one, were studied by Glaus Gerhardt 
and John Urbas [11,29,30]. They obtain convergence to round spheres at infinity. 
These results extend to negative homogeneities larger than minus one. Note that 
solutions exist for t € [0, oo). There is a representation formula for solutions to the 
inverse harmonic mean curvature flow of Knut Smoczyk [26]. Gerhard Huisken and 
Tom Ilmanen used the inverse mean curvature flow to prove the Penrose inequality 
[15]. This was extended in [16,25]. There are also inhomogeneous flows for which 
solutions converge to round spheres as 1 1 oo [6, 9, 10, 18]. 

Our paper concerns the expansion of surfaces by the inverse GauB curvature 
flow. This flow is homogeneous of degree minus two in the principal curvatures. 
Solutions tend to round points at infinity in finite time. We want to stress that we 
don't have to assume any pinching condition for the initial surface. 

The rest of this paper is organized as follows. In Section 2, we explain our 
notation. Section 3 concerns the key step, Theorem 3.1, the proof of the mono- 
tonicity of our test function during the flow. We prove convergence to infinity for 
appropriate points on the surfaces in Section 4. In Section 5, we obtain that the 
surfaces converge to infinity and, after appropriate rescaling, to a round sphere in 
Hausdorff distance. We improve this in Section 6 and get smooth convergence to 
a round sphere after rescaling. This finishes the proof of our main theorem. A 
further improvement of this result is contained in Section 7. There, we show that 
our surfaces converge in Hausdorff distance to a family of spheres expanding by 
inverse Gaufi curvature flow. 

In Sections 8 and 9, we describe the computational aspects of our flow equation. 
We describe the algorithm that we used to find our monotone quantities. In this 
paper, we compute complicated evolution equations. We describe, how this can be 
done with a computer algebra program. 

We also get convergence to round spheres at infinity for other flow equations. 
These are considered in Section 10. Finally, we derive the optimal expected con- 
vergence rate in Section 11. 

The author wants to thank Klaus Ecker at the Free University Berlin for discus- 
sions and support, especially for telling us about Aleksandrov reflection for para- 
bolic equations. We also want to thank Jorg Harterich, Gerhard Huisken, and Felix 
Otto for discussions concerning the optimal convergence rate. 

2. Notation 

We use X = X(x, t) to denote the embedding vector of a manifold M into M? and 
j^X = X for its total time derivative. Set Mt := X{M, t) C M^. We choose v to 
be the outer unit normal vector of Mt- The embedding induces a metric (g-ij) and a 
second fundamental form (/ly). We use the Einstein summation convention. Indices 
are raised and lowered with respect to the metric or its inverse (ff'-') • The inverse of 

the second fundamental form is denoted by (h^''^ ■ The principal curvatures Ai, A2 

arc the eigenvalues of the second fimdamental form with respect to the metric. A 
surface is called strictly convex, if all principal curvatures are strictly positive. We 
will assume this throughout the paper. 
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Symmetric functions of the principal curvatures arc well-defined, we will use the 
mean curvature _ff = Ai + A2, the square of the norm of the second fundamental 
form \A\'^ = Xl + Xl,ti:A'' = X^ + X^, and the Gaufi curvature K = X1X2. We write 
indices, preceded by semi-colons, e.g. hij-k, to indicate covariant differentiation 
with respect to the induced metric. It is often convenient to choose coordinate 
systems such that, at a fixed point, the metric tensor equals the Kronecker delta, 
g^j = 5ij, and (hij) is diagonal, (hij) = diag(Ai, A2), e.g. 

2 

i, j, k—1 

Whenever we use this notation, we will also assume that we have fixed such a 
coordinate system. We will only use Euclidean coordinate systems for so that 
hij;k is symmetric according to the Codazzi equations. 

A normal velocity F can be considered as a function of (Ai, A2) or {hij, gij). We 
set F'-' = , F^^' = Q^.Qf^^^ ■ Note that in coordinate systems with diagonal 
hij and gij = Sij as mentioned above, F'-' is diagonal. For F = —K~^, we have 
pij ^ K-'^hij = K-^X-^g'i. 

Recall, see e. g. [14, 17, 20, 22], that for a hypersurface moving according to -^X = 
—Fu, we have 



(2.1) -gij=-2Fh,j, 



d 



(2.2) -hij=F,ij-Fh^hkj, 
(2-3) j^v'^=g'iF.,iX^j, 

where Greek indices refer to components in the ambient space M^. In order to 
compute evolution equations, we will need the Gaufi equation and the Ricci identity 
for the second fundamental form 

(2.4) Rijki —hikhji — hiihjk, 

(2.5) hik:ij =hik:jl + h^Railj + h'-Raklj- 

We will also employ the GauB formula and the Wcingarten equation 

= -hijv'^ and v"^^ = /i.^X"^. 

For tensors A and B, Aij > Bij means that {Aij — Bij) is positive definite. 
Finally, we use c to denote universal, estimated constants. 

3. A Monotone Quantity 

Theorem 3.1. For a family of smooth closed strictly convex surfaces Mt in 
flowing according to X = ^v, 

(3.1) max -oTo — = max ^ = maxw 

^ ' Mt AXlXl Mt (ij2 _ |^|2)2 Mt 

is non-increasing in time. 

An immediate consequence of this theorem is 
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Corollary 3.2. The only homothetically expanding smooth closed strictly convex 
surfaces Mt, solving the flow equation X = in'S? , are spheres. 

Proof. The quantity ^ is negative homogeneous of degree two in the princi- 

pal curvatures and non-negative. If M is homothetically expanding, Theorem 3.1 
implies that (Ai — A2)^ = everywhere. Thus Mt is umbilic and [27, Lemma 7.1] 
implies that Mt is a sphere. □ 

Proof of Theorem 3.1. First and second derivatives oi F = —1/K with respect to 
the second fundamental form are given by 

pij =1/1^, 
(3.2) ^ 



p^j,u = - -1 {h^'h''^ + h'''h^^^ . 



Wc combine (2.1), (2.2), (2.4), and (2.5) in order to get the following evolution 

equations 



(3.3) - F^^H., =1 (//2 _ 3^2^ _ ^ ^ _1_ (;,^. ^j^..^ ^ + ^2.^ ^) 

and 

- f-(|Ar)^^^. =1 {2H\A\-^ - 6tr A3) - 1 A,^.^, 



(3.4) 



dV ' ' K ' ' ' Xk 

For the rest of the proof, we consider a critical point of wl^t fo^' some t > 0, where 
w > and Ai ^ A2. It suffices to show that w is non-increasing at such a point. 
Then our theorem follows. 
We differentiate w 

-ij2 + 2MP 



w 



'(iJ2_ |A|2)2' 



2H {H^ - 3\A\^) H., + 2|A|2 (\A\^)^ 

(iJ2_|^|2)3 



W-ii = 



+2\AmH'-\Af) (|AH^.. 
(e (/f2 _ \Aff - 12H^ {H^ - 3\Af)') H,iH,j 
+2{H' + 2\Af) {\Af).J\An.^^ 
-12H\A\^[h,,{\A\^),. + H,,{\A\'),:)}. 
In a critical point of w with Ai 7^ A2, we get 

=4A2(Ai - A2)/iii; k + 4A2(A2 - Ai)/i22; fc for = 1, 2, 
A^ A^ 

(3.5) /l22;l =-j^/lll;l = ai/ill;l and /lll;2 = -^/l22;2 = a2/l22;2 
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The evolution equation of w is 



=2H {H^ - {H^ - 3|^|2) (^^H - F''H,i^ 
+ 2\A\^{H^-\A\-) (±\A\'^-F'i{\A\''),^ 



+ 2{H^ + 2\A\^) (-F^^{\A\^),.{\A\^), :) 

- 12H\A\^ (-F'^ [h,, {\A\'), . + H.J .)) . 

We consider the terms on the right-hand side individually and use (3.3), (3.4), and 
(3.5) 



dt ''^ A1A2 



2 {Xfaj + AiA2«i + AiA .ai + A^) 



Af A^ 



11; 1 



2 (Aia^ + A2Aiai + A2Aia2 + Xf) ^ 

^3^3 "■22; 2 

2 (A^ - A1A2 + Aj) 



AiA 



2 



2(Ai + A2) (A? + Al) fl, ^1,2 



A1A2 VAf "^^"a| ^'^V 

2if {H^ - \Af) {H^ - 3|A|2) . - = 

= - 8(Ai + A2) (A? - A1A2 + Xl) Ai A2 (J^H - F^'H, , 



\ 2 



= 16(Ai+A2)(A2-AiA2+A2)^ 

+ 16(Ai + A2)2 (Xj - A1A2 + A2) (a? + A^) 



\5 "'11: 1 I \5 "22; 2 
^1 ^2 

=8(Ai + A2) (2Af - 4A?A2 + 6A^A^ - 4AiA^ + 2A^) 
+ (4A[A2 + 4Af Ai + 4Af Ai + 8AfA| 
+4A?Ai + 4Af Ai + 4AiA^) • 

4 / 1 2 ^ 1,1 \ 

' A1A2 Uf "^'^ Ar''^2j, 

2(Ai + A2)(2Af-3AiA2 + 2Ai) 
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2 (2Afaf + 2AiA2a? + SA^af + 2AiA2ai + iXf) ^ 

AfAl ^11' 1 

2 (2A^a^ + 2A2Aia^ + 3Af + 2A2Aia2 + 3A?) ^ 

A|Af ^ 

2(Ai+A2)(2Af-3AiA2 + 2Ai) 
Ai A2 

_ 2 (3AJ + 2AjA2 + 2AjA^ + 2AiA;j + :iX.\) 
A1A2 
1,2 I "'^ ;,2 

^"■11; 1 + 1^'^22; 2 



=4(A? + A^)A,A2 



^ - 8(Ai + A2) (A? + Xl) {2X1 - 3A1A2 + 2Ai) 

- 8 (A^ + A^) (3At + 2A'jA2 + 2A^A2 + 2AiA2^ + 3A*) 

^5 'ni; 1 ' 22; 2 

= - 8(Ai + A2) {2Xt - 3x1X2 + 4X1X1 - 3XiXl + 2A|) 

- (6AIA2 + 4A?Ai + lOA^A^ + BA^A^ + IOAJA^ 



+4Af A| + 6AiA2^) ^ 1 + ^fe 



2 
2 

22: 2 



For the remaining terms, wc employ (3.2) 

piiTT n - ("1 + u2 (^2 + 1)' ^2 
— r n-in-j— -jT lll-l 72^ "22:2 

__(A? + Aif 1 \ 

A1A2 U? Ai''22;2j> 

= -{Xt + A?A2 + A?Ai + AiA^ + A^) • 

= - {6X1 + SAIAz + ISA's* A^ + 18Af Ai + 24AtA^ + 18A?Ai 
+18A2A^ + 6AiA^ + 6A^) • 
4 / 1 2 ^ u2 

= - (A? + Ai)' • ^ (ijs/^?!;! + ^/iL;2) , 
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2{H' + 2\A\^) ■ [-FmA\^),^^{\A\^),^^ 

= - 2 {3\j + 2A1A2 + 3A^) (A? + A^)' • 

A1A2 Ui Ai''22;2j 
= - (6A? + 4A^A2 + 6A?A^ + 12Af A^ + 8Af A^ + 12A?A^ 

+6A? A« + 4Ai A2^ + 6X1) ^ (^/^u; 1 + ^/^L; 2) , 

-f'^[h,,{\a\''),. + h.,{\a\^),J) = 

4(A2ai + Ai)(ai + l) ^2 4(Aia2 + A2)(a2 + 1) ^2 

— 721 "11; 1 721 "22; 2 

A]^A2 A2A1 

= - (A? + Ai) (A? + Ai) • ^ + X|'^22;2 

- 12if|A|2 (-i^^^- (^H,, {\A\'). .+H.j .)) = 

=12(Ai+A2)(A? + A2)'(a3 + a3) • 



\ \ \ \5"-iUl + \5"22;2 
A1A2 \ A, Ao 



(12A* + 12A[A2 + 24A'5a2 + 36Af A^ + 24A^A^ + 36A?A^ 
+24A?A^ + 12AiA^ + 12A|) • 



5^11; 1 + T5'''22; 2 



A1A2 \Xl '''' A 

Combining these expressions yields 



= - 8(Ai + A2)(Ai - A2) A1A2 11; 1 ^^'^22; 2> 

r^.^,. - (Ai+A2)(Ai-A2)^ 2 
dt^ 2A?Ai AfA2 AiAr22;2 

<0. 

We finally apply the maximum principle and our theorem follows. □ 

4. Convergence to Infinity 

It is known [17], that (1.1) is a parabolic evolution equation for strictly convex 
initial data and that it has a solution on a maximal time interval [0, T). Here, we 
want to show that some points on Mt converge to infinity for t '\ T, i. e. 

limsup |X| = oo. 

We show that the principal curvatures of Mt stay uniformly bounded above. 

Lemma 4.1. For a smooth closed strictly convex surface M in R^, flowing accord- 
ing to X = j^u, the maximum of the principal curvatures is non-increasing. 
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Proof. Consider Mij = hij — fujij with > so large that M,j is negative semi- 
clcfinitc for some time to. We wish to show that Mij is negative semi-definite for 
t > to. Combine (2.2), (2.4), and (2.5) to obtain 



d_ 
di 



hij — F^^hij-ki = -j^Hhij — —hJlhkj — — ^/I'^'/i'"* + h^'^h!'^^ hki-ihrs-j- 



In the evolution equation for M^-, we drop the negative definite terms involving 
derivatives of the second fundamental form 

j^Mij - F'^'-Mij.ki < {Hhij - h^hkj - 2iihij) . 

Let ^ be a zero eigenvalue of Mij with |^| = 1, Mij^^ = hij^^ — jJ.Qiji-' =0. So we 
obtain in a point with Mij < 

{Hhij ~ h^hkj - 2iihij) =Hn- < 2/i/i - 3;U^ < 

and the maximum principle for tensors [8, 13] implies the claimed result. □ 

We obtain a pinching estimate 

Lemma 4.2. For a smooth closed strictly convex surface Mt in R^, flowing accord- 
ing to X = ^v, there exists c = c(Mo) such that < ^ < ^ < c. 

Proof. Choose /U > such that Ai, A2 < /x at i = 0. Theorem 3.1 and Lemma 4.1 
imply that 

1 _ 1 (Ai-A2)^ ^ (Ai - Mf ^ ^ 



^ A1A2 - \\Xl 

We obtain the bound on ^ claimed above. □ 

It is only here that we use the monotone quantity of Theorem 3.1. For our 
purposes, this quantity is better than scaling invariant. As it becomes apparent 
from the proof of Lemma 5.1, however, the Alcksandrov reflection principle can 
be used instead for the rest of the proof. This simplifies the proof compared to 
[5, 21], where similar monotone quantities are used. Later on, see Theorem 7.1 and 
Theorem 7.6, we will use monotone quantities to improve the convergence rate that 
follows from Aleksandrov reflection. 

The next result shows that K stays uniformly bounded below by a positive 
constant as long as Mt is enclosed by a ball of fixed positive radius. For similar 
results see [28] and [10, Proposition 4.13]. 

Lemma 4.3. For a strictly convex solution of (1.1), K is uniformly bounded below 
by a positive constant in terms of the radius R of an enclosing sphere Bji{xo), the 
pinching ratio X1/X2, andmax-Mo 2r-{x-xo 1^) ' ^ore precisely, we have everywhere 



(4.1) i^>-^minJf: 



1.1/ K 

max 



-1 



^1 



3i? \\Ma 1R - l^X - xo, v) ) ' 4i? 
c 

principal curvatures. 



where s = with c as in Lemma 4-2. We obtain a positive lower bound on the 
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Proof. We may assume that xq = 0. Observe that 3i? > 2R — {X, v) > R. Thus 
2R-(x v) finite for strictly convex surfaces. 

Standard computations [14, 17,20,22] yield the evolution equations 

—X^^ - F'^X^.. 
dt '^^ 

dtK \K 



In a critical point of 2fl-(x v) 



we obtain 



1^' 
















1 








H 









So we get in an increasing maximum 

<2RH- 1, 

^ ^^^^^ ^ ^ 

and deduce there that 



2R - {X, v) - R 
Thus we obtain everywhere 

X-i K-"" r K-^ AR 

< :r-;^ ttt — r < max < max 



3i? - 2i? - (X, J/) - i Mo 2i? - (X, I/) ' £2 

and (4.1) follows. 

Finally, the positive lower bound on K and our pinching estimate, Lemma 4.2, 
imply a positive lower bound on the principal curvatures. □ 

Let us recall a form of the maximum principle for evolving hypersurfaccs. 

Lemma 4.4. Let Mt and Mt be two smooth closed strictly convex solutions to (1.1) 
on some time interval [0, T*). If Mq encloses Mq, then Mt encloses Mt at any time 
t G [0, T*), for which both solutions exist. 

Proof. This is a standard consequence of the maximum principle. □ 

The next result describes the evolution of spheres. 

Lemma 4.5. Spheres dBr(t){xo) solve (1.1) for t e [0, T) with r{t) = (T - t)''^ 
andT = r-^{0). 

Proof. The evolution equation for the radius of a sphere is 

f{t)=r\t). 

□ 

Lemma 4.6. Let Mt be a family of smooth closed strictly convex solutions to (1.1) 
on a maximal time interval [0, T). Then T < oo. 
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Proof. Spheres solving (1.1) tend to infinity in finite time, see Lemma 4.5. So 
Lemma 4.4 implies that T < oo. □ 

Lemma 4.7. Let Mt be a family of smooth closed strictly convex surfaces solving 
(1.1) on a maximal time interval [0, T). Then 

limsup \X\ = oo. 

Proof Assume that Mt C Br{0), < t < T, for some R> 0. Then Lemmata 4.1 
and 4.3 imply that the principal curvatures of Mt stay uniformly bounded above and 
below by positive constants. Thus (1.1) can be rewritten as a uniformly parabolic 
equation and the estimates of Krylov, Safonov, Evans (see also [1]), and Schauder 
imply uniform a priori estimates up to t = T. This allows to continue the solution 
Mt smoothly past t = T, a, contradiction. Note finally, that (1.1) is an expanding 
flow, so supji^j l-'^l is monotone in t and the limit exists. □ 

5. Convergence to a Sphere 
Lemma 5.1. Under the assumptions of Theorem 1.1, we get 

liminf IXI = oo, 

more precisely, there exists c = c(Mo) such that 

sup \X\-c<{T- t)-^ < inf \X\ + c 

Mt Mt 

and 

(5.1) MfiT-t)C Bi+e(T-t)(0) \ Bi_e(T-o(0)' 

so the rescaled surfaces Mf{T — t) converge to the unit sphere in Hausdorff 
distance. 

Proof. We may shift the origin such that lies inside Mq. This does not affect the 
convergence rate claimed above. 

Define the support function u : x [0, T) — > 1R+ for a convex surface by 

u{z, t) = {X {u-\z),t),z). 

It fulfills the evolution equation, see e.g. [4], 

det(u; ij + uuij) 
det(CTij) 

where u-ij denotes covariant derivatives on and Oij is the standard metric on 

We apply the Aleksandrov reflection principle of Bennett Chow, Robert Gulliver 
[7], and James McCoy [19, Theorem 3.1] and obtain a uniform bound on the os- 
cillation (and the gradient) of u(-, t) for all t G [0, T), that depends only on the 
initial data. 

As supjv^^ \X\ oo for t T, we obtain that infMj l-'^l oo for t T, more 
precisely, we have 

sup|X| < inf |X| +c. 

Mt Mt 

It remains to show that 

inf |X| < (T-i)-^ < sup|X|. 
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Consider the surfaces 9M(y_t)-i (0), solving (1.1). For t ~T, Mt and dB(^j'_iyi (0) 
converge to infinity. We claim that for all t G [0, T), 9B(T_t)-i(0) n Mt ^ 0. 
Otherwise, for some ip, ^ta encloses dB(j_t)-i{Q) or is contained in (0). 
Both cases are similar. We only consider the first case. Choose e > such that 
Mt„ encloses also (0), a shghtly larger sphere. For t e [to, T — e), 

9i?(T-t-e)-i (0) solves (1.1). As dB(j_t_^-^-i{Q) converges to infinity for t "f T — e, 
Lemma 4.4 implies that M( has to converge to infinity for 1 1 T — e, a contradiction. 

□ 

In terms of the support function u, this Lemma implies that 
(5.2) u{x,t)-c<{T -t)-'^ <u{x,t) + c. 

Note that this estimate is sharp for spheres dB(^T-t)-^{Q) solving (1.1), if Q is 
different from the origin. The method of [5], see also [21], where the origin is 
replaced by some q{t), can be adapted to the present situation. In order to improve 
the estimate (5.2), however, we need a monotone quantity similar to (1.2) with a 
better scaling behavior. We address this issue in Section 7. 

6. Smooth Convergence to a Sphere 

Lemma 6.1. Under the assumptions of Theorem 1.1, there exists c = c{Mo), such 
that 

K <c-{T-tf. 
Proof. For 1 to be fixed below, we consider 

w:= 

We may assume that ji is so large that w < on Mq. Our aim is to show that 
w stays negative during the flow. We use the evolution equations of the proof of 
Lemma 4.3. The evolution equation of w is given by 

|.-i^^V.,=6l(X,.)-2^-,^. 

Let to G [0, T) be minimal such that maxMj w = Q. Choose xq e Mt such that 
w(.xo, to) = 0. At this point, we apply the parabolic maximum principle and 
obtain 

<6K{X, v) - {2 + fi)H 
<6K\X\ - {2 + ii)H 

=&\fK^fJi — (2 + \i)H as w{xq, to) = 0, 

<{6^-2-fj,)H asK<H'^. 

We fix /i sufficiently large and obtain that w < during the flow. In view of Lemma 
5.1, this implies the upper bound on the Gaufi curvature claimed above. □ 

Combining this result with the Lemmata 4.2, 4.3, and 5.1, we obtain 

(6.1) --(T-tf <K <c-(T-tf. 

c 

We rescale our surfaces similarly as in [3]. Consider the embeddings X{-, t), 
X{z, t) := {T-t)-X{z, t). 
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Define a new time function 

'T-t 



T{t) := - log 

Wc use a tilde to denote geometric quantities of the rescaled surfaces. For X, we 
obtain the evolution equation 

dr K 

Our a priori estimates and the estimates of Krylov, Safonov, Evans, and Schauder 
imply uniform bounds on all derivatives of the support function u of X. Applying 
interpolation inequalities as in [23, Lemma C.2] to 

|u- 1| <c- {T-t), 
\D''u\ <Ck, 

we get 

\D''u\ <c{k, s)-{T-t)^-' 

for any e > 0. 

This finishes the proof of Theorem 1.1. 

7. Improved Convergence Rate 

Theorem 7.1. For a family of smooth closed strictly convex surfaces Mt in 
flowing according to X — j^v, 

(7.1) max ^ , , , o , Q — = max w = max ^ 5^ 

Mt 8(Ai + A2)AfAi Mt Mt H{H'^-\A\'^f 

is non-increasing in time. 

Proof. We use Section 9 and obtain in a critical point of w 

d_ _ ,j _ -3 (Af + 2Af A2 - 2Af Aj + 2AiAl + A|) (Ai - X^f 
dt"" 8(Ai + A2)2AtA4 

1 



(3A3 + 3A2A2 - AiAi + ZXlY (Ai + \2f\l\l 

■ (18A? - 9A^A2 + 12A[a2 + 72Af A^ - 12A?A| + 70Af A| 

+60A3a^ + IBAiAl + 27A^) 1 
1 

(3A^ + 3AiAi - A2Af + 3A3)' (A2 + XifXlXl 

■ (iSAi - 9A|Ai + 12A^A? + 72A|A? - l2XlX\ + 70A|Af 

+60A^A? + I8A2A? + 27A?) /i22;2 

<0. 

We finally apply the maximum principle. □ 
This allows to improve our bound on |Ai — A2I. 
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Lemma 7.2. For a smooth closed strictly convex surface Alt in M.^, flowing accord- 
ing to X = j^v, there exists a constant c = c(Mo) such that |Ai — A2I < c • K^/'^ < 
c-{T-tfl^. 

Proof. This is a direct consequence of Theorem 7.1, Lemma 4.2 and Lemma 6.1. □ 

We now closely follow the corresponding parts of [5] and [21]. 
Proposition 7.3. Define q{t) ■= ^ J KX. Then 



{x-,,.)-IIh 



Mt 

< _L.sup|Ai-A2|-H2(Mt), 
47r Mt 



Mt 

where Ti?{Mt) denotes the area of Mt- 

Proof. This is [5, Proposition 4]. □ 
Wc will call q{t) the pscudoccntcr of Mj. 

We define r+(t) to be the minimal radius of a sphere, centered at q{t), that 
encloses Mt. Similarly, we define r-{t) to be the maximal radius of a sphere, 
centered at q{t), that is enclosed by Mj. Let p-{t) be the maximal radius of a 
sphere (with arbitrary center) enclosed by Mt and p+{t) be the minimal radius of 
spheres enclosing Mt. 

Lemma 7.4. Under the assumptions of Theorem 1.1, for T — t sufficiently small, 
r+ and r_ are estimated as follows 

(T - t)-^ • (1 - c • (T - < r-{t) < r+{t) < (T - t)'^ • (l + c • (T - tf^^') . 

Proof. Denote the bounded component of M"^ \ Mt by Et. The transformation 
formula for integrals implies that 



Mt S2 

So we see that q{t) e Et. We have 

r+ = max {X — q{t), i^), r_ = min {X — q{t), v), 

Mt Mt 

= min max (X — p, u), and p- = max min (X — p, v). 

pens Mt ^ ' peEt Mt ^ ' 

Recall the first variation formula for a vector field Y along Mt 

j H{Y, u) = j divMt Y 

Mt Mt 

and get for p & Et such that p+ = maxMt {X — p, u) 

( H>— I H-{X-p,v) = — [ divMt X = — [2 = —H^Mt). 
J P+ J P+ J P+ J P+ 

Mt Mt Mt Mt 
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We employ Proposition 7.3 and deduce that 

r_>i- J //•|l-2(^^ •sup|Ai-A2|-W2(Mt)| 

>j- J //.jl-p+.suplAi-AslI 

Mt 

>_L|„.{l_„.p-,)3/=}, 

Mt 

where we have used the Lemmata 7.2 and 5.1. So we obtain 

(7.2) ,_(t)>i_y H.{l-c-{T-tr/^) 

Mt 

and similarly 

(7.3) "+(*)^^ / + 

Mt 

As in the proof of Lemma 5.1, we get 

r- < p- < {T - t)~^ <p+<r+ 

and 

(r-t)-i- (i-c-(r-f)3/2) <^J H <{T-t)-^ -(i + c-iT-tf^y 



Using (7.2) and (7.3) gives the claimed estimates on r_ and r+. □ 

Lemma 7.5. Under the assumptions of Theorem 1.1, q{t) as defined in Proposition 
7.3 is a smooth function oft in [0, T) and converges to some point Q fort t T, 

\q{t)-Q\<c-{T-t)'/\ 

Proof. The definition of q{t) involves only quantities that depend smoothly on t, so 
it remains to prove convergence for 1 1 T. 

For < ti < t2 < T, we want to estimate \q{ti) — q{t2)\ from above. We may 
assume that q{ti) ^ q{t2). Consider the hne passing through q{ti) and q{t2). It 
intersects the surface Mt^ in two points, denoted by pi{t2) and Pr{t2). 

>^^< 



Pi{t2) q{ti)q{t2) Prih) 

Figure: Convergence of pseudocenters 
We may assume that 

{Pr{t2) - q{t2), q{t2) - q{ti)) > 0. 
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This corresponds to Pr{t2) and q{t2) lying on the same side of q{ti) as shown in the 
figure. We estimate 

2c(T - tiy/^ >r+{ti) - r_(ii) by Lemma 7.4 

> osc'Uq(tj)(-, ^2) by [19, Theorem 3.1] 

>\Pr{t2) - q{ti)\ - \pi{t2) - q{ti)\ 
= \Pr{t2)-q{t2)\ + \q{t2)-q{ti)\ 

- ilpiih) - qit2)\ - \q{t2) - q{ti)\) 
>2\q{t2)-q{ti)\+r.{t2)-r+{t2) 
>2\q{t2)-q{h)\-2c{T-t2f/^, 

whore Uq(i^^{-, 12) is the support function of Mt^ — q{ti). Thus we can apply 
Cauchy's convergence criterion. Finally, we let t2 ] T and the claimed bound 
follows. □ 

This allows to improve our convergence result. 

Theorem 7.6. Under the assumptions of Theorem 1.1, there exists Q S such 
that the Hausdorff distance of Mt to a family of expanding spheres around Q is 
hounded as follows 

dniMu dB(T-t)-^{Q))<c-{T-ty/\ 
Proof. Combine the Lemmata 7.5 and 7.4. □ 

Remark 7.7. Theorem 7.6 implies also better estimates for rescaled surfaces, 

dn {{Mt -Q)-{T- t), S2) < c • (T - tf/\ 

As above, this implies that all derivatives of the support function decay, 

\\uQi;t)-l\\c>><cik, e)-{T-tf'^-' 

for any e > 0, where uq{-, t) is the support function of Mt — Q. This implies for 
the principal curvatures Aj, i = 1, 2, of {Mt — Q) ■ {T — t) 

1 - c{e) ■ (T - tf/^-' < Ai < 1 + c{e) ■ (T - tf/^''. 

Without the additional Q, we get for expanding spheres dB(^j'_tyi{P), 

dn {dB^T-ty.{P) ■ {T - t), §2) = |P| . (T - t)-\ 

so the estimate in Lemma 5.1 is sharp for P 7^ 0. 

In the proof of Theorem 1.1, wo have used (1.2) only to prove that surfaces stay 
uniformly pinched, i.e. that A1/A2 is uniformly bounded. If we use it to bound 
|Ai — A2I, and then r+ and r_ as above, we don't get more than in 5.1, where we 
used the oscillation estimates of [19]. Our computer program, however, did not 
yield a scaling invariant quantity that implies uniform pinching. This is similar to 
[2] . It might be possible to find a monotone quantity that allows to further improve 
this convergence rate. 
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8. Finding Monotone Quantities 

8.1. The Algorithm. We use a sieve algorithm and start with symmetric rational 
functions of the principal curvatures as candidates for test functions, e. g. 

^ Pi(Ai, A2) ^ (Ai - Aa)^ 
P2(Ai,A2) A^Ai • 

Here, Pi ^ and P2 7^ are homogeneous polynomials. 

In the end, wc want to find functions w such that W :— sup^^ w is monotone 
and ensures convergence to round spheres. 

We check, whether these test functions w fulfill the following conditions. 

(1) (a) pi(Ai, A2), P2(Ai, A2) > for < Ai, A2, 
(b) pi(Ai, A2) = 0for Ai = A2 > 0. 

(2) degpi < degp2. 

(3) ^^^^^ < for < A2 < 1 and > for A2 > 1. 

(a) for terms without derivatives of (hij), 

(b) for terms involving derivatives of (hij), if w-i = for i = 1, 2. 

8.2. Motivation and Randomized Tests. For all flow equations considered, 
spheres contract to points and stay spherical. So we can only find monotone quan- 
tities, if degpi > degp2 or pi(A, A) — 0. 

If degpi > degp2 7 we obtain that W is non- increasing on any self-similarly 
expanding surface. So this does not imply convergence to a sphere. 

Condition (3) ensures that the quantity decreases, if the eigenvalues approach 
each other. 

In step (4a) and (4b), wc check that we can apply the maximum principle. Here, 
we have to use various differentiation rules. 

In steps (1), (2), and (3), inequalities are tested by evaluating both sides at 
random mimbcrs. After enough testing, all candidates for which the above in- 
equalities, evaluated at random numbers, were not violated, could be used to prove 
convergence to round spheres at infinity. 

Alternatively, for surfaces, we can avoid using random numbers, compute evolu- 
tion equations algebraically, and use Sturm's algorithm to test for non-negativity. 

We expect that similar algorithms will be used to find monotone test functions 
for other (geometric) problems. 

9. Computing Evolution Equations 

It is straightforward to use a computer algebra system to obtain evolution equa- 
tions of test quantities w, evaluated at a critical point of w. More precisely, let Mt 
be a family of surfaces in R^, moving with normal velocity F = F{Xi, A2), where 
F > for contracting surfaces. Assume that the test quantity w is a function of H 
and |j4|^. Then w fulfills the evolution equation 

^w-F'^w).^j = C„(Ai, X2) + Gyj{Xi, A2)/i?i.i +G^(A2, Xi)hl^,^ 

in a critical point of w. It remains to compute ("constant terms") and Gw 
("gradient terms"). The following calculations are all similar as before and use 
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(2.1), (2.2), (2.4), (2.5), and, see [3,12], 



dF dF 



for symmetric matrices {r]ij) and Ai ^ A2 or Ai = A2 and the last term is interpreted 
as a limit. For w = H, wc obtain 

fdF ^2 , dF ^ , / OF ^ \ ,,,2 



where 



9Ai9Ai 9Ai9A2 8X28X2 ^ Ai — A2 ^' 



(Ai + A2, A? + Ai) / 8w (Ai + A2, Xj + A^) 
ai = 



9Ai I 5A2 I 

is such that /122; 1 = aihu- 1 in a critical point of w. Similarly, we get for w = | 

dF ,n dF „\ , ,,2 / ai^ , dF \ . 



9F _ dFl 



We also need some mixed terms 



8F f)F 
-F^^H,iH,, = - —{l + a^fh\,.^,- _(1 + ^2)^/.^^^^, 



-F'^- (|A|2)^ . (|^|2)^ . = - 4— (Ai + a,X2fhl,.^ 1 - 4— (A2 + a2Ai)2/iL;2, 

-2F^^if, (|A|2)^ . = - F'^- (h,^ {\A\''). .+H,^ {\A\^).) 

dF 

= - 47T^(1 + ai)(Ai + aiA2)/i?i. 1 
OF 

- 4^(1 + a2)(A2 + a2Ai)/l^2;2- 

Combining these expressions yields 



5w , dw 



ail 



, 8F ^ ,2 , 8F 

- ^dimA^dx;^ ' ^ " ^MdiA^dx-^' + '^^^^^^ + 

This formulae allow to easily compute evolution equations in critical points. 
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10. Other, Normal Velocities 

10.1. Homogeneity less than minus one. In this section, we prove 

Theorem 10.1. For any smooth closed strictly convex surface M in M.^, there 
exists a smooth family of surfaces Mt, t G [0, T), solving one of the following flow 
equations 

d^ 

• dt"" = K^""' 

• dt^ - lo''' 
d^ 

• dt"" = Jo""' 

with Mo = M. Fort t T, Mt converges to infinity. The rescaled surfaces Mfr~^{t) 
converge smoothly to the unit sphere where r{t) is the radius of an expanding 
sphere that converges to infinity for t'\ T, more precisely, r{t) is as follows 

*Jt'' = p-- r{t) = m-t))-\ 

•1^ = ^^^ K^) = (2(T-*))- 

.|x = g.: rit) = mT-t))-^/\ 
We have also studied convex surfaces contracting according to 

= -Fv. 

dt 

where F is positive homogeneous of some degree larger than or equal to two [21]. 
There, we got tlie impression, tliat appropriate monotone quantities that assure 
convergence to a sphere after rescaling are available for almost every normal velocity 
considered. In contrast to this, such monotone quantities seem to be rare objects 
for expanding surfaces with normal velocity of homogeneity less tlian or equal to 
minus two. 

In both cases, we restricted our attention to normal velocities and possible can- 
didates for monotone quantities in Z(Ai, A2) with small coefficients which are sym- 
metric in Ai and A2. 

In the case of expanding surfaces, however, we also find monotone quantities for 
surfaces expanding with a normal velocity that is positive homogeneous of degree 
minus one in the principal curvatures. 

The proof of Theorem 10.1 is similar to the proof of Theorem 1.1. Therefore, 
we will present in the following only those results that are not almost identical to 
their counterparts in the proof of Theorem 1.1. 

Theorem 10.2. For a family Mt of smooth closed strictly convex surfaces in M?, 
flowing according to = 

max — — — — — = max w 

Mt 2(Ai -I- A2)AiA2 Mt 

is non-increasing in time. 
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Proof. According to Section 9, we obtain in a critical point of w 



d 5(Ai - A2)2 

—w-F'^w- — 



and apply the maximum principle. □ 



The factor 2 in the denominator is useful to rewrite w in terms of the algebraic 
basis consisting of H and \A\^ 

(Ai-A2)2 2\A\-'-H^ 



2(Ai + A2)AiA2 H-{H^-\A\'')' 

Theorem 10.3. For a family Mt of smooth closed strictly convex surfaces in , 
flowing according to -^X = ^^r^^, 

(Ai - A2)2 

max — — — — — = max w 

Mt 2(Ai + A2)AiA2 Mt 

is non-increasing in time. 

Proof. According to Section 9, we obtain in a critical point of w 

d_ _ 2(2Af + AiA2 + 2Ai)(Ai-A2)^ 

dt"^ (Ai+A2)2A?A2 

4(21Af + 24AfA2 + 18AfAl + A^) ^ , , , 2 

(Ar+3A2)2(Ai+A2)2A? /^H; 1 + (•••)• ^^22; 2 

and apply the maximum principle. □ 



Theorem 10.4. For a family Mt of smooth closed strictly convex surfaces in M.^, 
flowing according to = 



16 {XI + Ai) {XI + A1A2 + Ai) AfAi - "^m"^ 



is non-increasing in time. 
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Proof. According to Section 9, we obtain in a critical point of w 



" 4(A2 + A2)'(Af + AiA2 + Ai)'AfAi 

• (A^ — Af A2 + 8A^A2 + 2A^A2 + 8A^A2 — A1A2 + A2) 

3(Ai + A2)« 

8 (3Af + llAf A^ + 2Af Ai + 9Af A^ - 2AiAi + A^)^ 
1 



(A2 + AiA2 + A2)'(A2 + Ai)'AfA6 
• (2AP - 4Aj^A2 + 57Al^Ai - 108Al^Ai + 508AJ^A| 
-428APA^ + 2152Al2Ai - Ib&XfXl + 4784Af A| 
+172A?Ai + 4942Af A^° - 612AIA^^ + 2676Af A^^ 
-772Af A^3 + 872AtA^^ - 340A?A^^ + 126A?A^^ 
-56AiA^^ + 9A^^) - /if 1.1 

+ (...)• /l22; 2- 

Here and in the following, we write (. . .) to denote a term that equals the factor in 
front of h\i. ^ with Ai and A2 interchanged. 

We finally apply the maximum principle. □ 

Similarly as above, we obtain the following evolution equations for a family Mt 
of surfaces flowing according io -j^X = —Fv 

- F'^X"^. = {F'^hij - F) z/«, 

- F^'{\X\') =2 (F^^h,, F) {X, 1^) - 2F^^g,„ 

^(X, v) - F'^X, J/). .. = - F'ihij -F + F'ih^hkjiX, u), 

j^F-F'^F.ij=FF^^hthkj, 
d 

-^9ij — - 2Fhij, 
— hij — F'^^hij-ki =F'^^h1hai ■ hij — F^^hu ■ h^haj 



dt 



Fh'lhkj + F^^''^^hk^ihrs■,J■ 



J^e^^aInsL 10.5. Under the assumptions of Theorem 10.1, -^X = —Fv, the maxi- 
mum principal curvature of Mt is non-increasing in time. 

Proof. Consider Mij := hij — HQij, where ^l is chosen such that < initially. 

We compute 

j^Mij - F^'Mij, ki =F^^hlhai ■ hij - F^'hki ■ Khaj - Fh'^hkj + 2iiFhij 
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Assume that ^ is a zero eigenvalue of (Mij), hij^^ = iJ.gijS,-' , with gtjS.^S,-' = 1. We 
may assume, that in our coordinate system, we have ^ = (1, 0) and (hij) = (g °) 
with < A < /i. Normal velocities F as in Theorem 10.1 are concave, so 

We estimate 

• (|Mi, - F'^'Mij.u) Ci' < - (^+^)^(^-^) < for F = -f^, 

• (|Mi,- - F>'^Mij,ki) < - -2V+f+3/^^ < for = 

. (|M,, - F«M,,;«) eC^- < _?(A±igM < for = -f^. 
Now the claim follows directly from the maximum principle for tensors. □ 

Lemma 10.6. Under the assumptions of Theorem 10.1, we obtain a lower hound 

on the principal curvatures similarly to Lemma 4-3. 

Proof. We proceed as in the proof of Lemma 4.3. In a critical point of 2r~(x u) ■> 
compute the following evolution equation for a family of surfaces flowing according 
to iX = -Fv 

llog^^ F^^ flog ^ ) = 

dt ^ 2R - {X, v) V 2i? - (X, v) ) ... 2R - {X, v) 

■ {2R-F'^h'yhkj-F'^hij-F). 
We compute this explicitly for F as in Theorem 10.1 and obtain in an increasing 
maximum of 2R-(x v) 

• 8i? - f > for = -f^, 

• AHR - 1^ > for F = -J^, 

• 6i? - f > for F = -f^. 

Our monotone quantities and Lemma 10.5 imply that our surfaces are pinched, i. e. 
that ^ + X7 is uniformly bounded above. So we obtain there that > □ 

Lemma 10.7. Consider one of the flow equations of Theorem 10.1, -^X = —Fv, 
and a solution as in this theorem. Let 7 he such that F is positive homogeneous of 
degree —7. Then there exists a constant a ^ 1 such that \F\ > ^l-'^l''' during the 
flow. More precisely, there exists a ;» 1 such that \Xp + aF remains non-positive 
during the flow, if this quantity is negative initially. 

Proof. For F positive homogeneous of degree minus two, we get F^^hij = —2F and 
obtain at a point, where l-'^P + oiF = 0, 

I + aF) - F^= + aF), .^ = - 6F{X, u) - 2F'^ g^j + aFF'^h^hkj 

< - 6F^/^^/^ + aFF'^h'lhkj. 

It is straightforward to check that for a » 1 sufficiently large and F as in the 
lemma, the right-hand side is non-positive. 
li F = — we obtain similarly as above 

I + aF) - {\Xf + aF)^ . . <12\X\^^ - 6a|J < 0. 
In both cases, the lemma follows from the maximum principle. □ 
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1 

~ll 


(Ai -A2)2 
(Ai + A2)AiA2 


1 

~ll 


(Af + Ai) iX,-\,f 


(Ai + X2)XlXl 


H 
~K 


(A1-A2)' 
A1A2 



Table 2. More monotone quantities 



10.2. Homogeneity minus one. In Table 2, we liave collected some normal ve- 
locities F, positive homogeneous of degree minus one, and test functions w, such 
that maxjvft w is non-increasing during the flow of a closed strictly convex surface 
flowing according to 

= -Fu. 

dt 

Theorem 10.8. For a family Mt of smooth closed strictly convex surfaces in R^, 
flowing according to = -jjv, 

(Al -A2)2 

max — — — — — = max w 

Mt 2(Ai + A2)AiA2 Mt 

and 

(Af + Ai)(Ai-A2)2 

max — — — ' .,0,0 — = max w 

Mt 8(Ai + A2)A?A^ Mt 

are non-increasing in time. 

Proof. According to Section 9, we obtain in a critical point of w 

d (A2+4AiA2 + A2)(Ai-A2)2 

w — F ■'w-i-i = — 



dt '"^ 2(Ai + A2)3AiA2 

2 (5A? + 2A1A2 + Ai) A 



(Ai+3A2)2(Ai+A2)A5 

+ {■■■)■ hl2.,2 
and apply the maximum principle. 



Similarly, we obtain in a critical point of w 

d , ^„ , (3Af - 2XlXl + 3At) (Ai - X^f 

—w — F ■'i" ■■ — 



dt 8(Ai + A2)3A?Ai 

1 



2 (3A? + 3A2A2 - XiXl + iX^f (Ai + A2)3A[A2 



• (9A}° - 9X1X1 + 96A[A^ - 38A?A^ + 96Af A^ + 30A^A^ 
+45Af A| + 27A^°) • 1 
+ (...) -/lis; 2 

and apply the maximum principle once again. □ 
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Theorem 10.9. For a family Mt of smooth closed strictly convex surfaces in M.^, 
flowing according to -^X = ^u, 

(Ai-A2)2 
max — , , „ , „ — = max w 

is non-increasing in time. 

Proof. According to Section 9, we obtain in a critical point of w 

— W-F''w.ij= ^•/lll;l + (---)-/i22;2. 

and apply the maximum principle. □ 

For these flow equations, convergence to infinity and convergence to a sphere 
after rescaling have been proved before for hypersurfaces [11, 26, 29, 30]. Monotone 
quantities as mentioned above might at most be useful to improve the convergence 
rate. Inverse mean curvature was used to prove the Penrose inequality in gen- 
eral relativity [15]. Our techniques might also apply to surfaces expanding in the 
asymptotically flat manifolds considered there. 

11. Convergence Rate 

In order to find out what the optimal convergence rate might be, we proceed as 
in [21], use the same notation, and compute the linearized equation corresponding 
to 

d 1 du 1 

—X = —V — X or — = —w — u 

dt K dt K 

as 

dv ^ 

— ^ Av + V. 
dt 

As in the contracting case, we only need to consider eigenvalues —l{l + 1) of the 
laplacian on the sphere for I e N+. For Z = 1, we cannot expect convergence rates 
better than 

r+<(T-t)-i.(l + c-(r-t)), 

if we fix q{t) arbitrarily. This estimate is sharp, if we do not adjust q{t). The 

corrc;sponding eigenfunctions induce translations of the surface. Considering I = 2, 
we expect that we cannot obtain convergence rates better than 

r+it)<{T~tr'-{l + c-iT-t)'). 
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